This paper analyses the transient heat transfer across multi-layer floors subjected to multiple heat sources. The formulation that is proposed to solve this problem uses analytical expressions handling both conduction and convection phenomena. The Green's functions (analytical expressions) for the layered formation are established by imposing the continuity of temperatures and heat fluxes at the medium interfaces between the various layers. The heat field inside a layer is obtained by adding the contribution of the direct heat incident field, generated as in an unbounded medium, to the heat produced by a set of virtual surface heat sources, that take into account the presence of the interfaces.
Introduction
The interior comfort of a dwelling is a fundamental issue in building physics, and it depends on the building's envelope. In order to better understand the thermal performance of the construction elements used throughout the building envelope, it is increasingly important to develop more accurate models to evaluate it. Thermal behaviour depends largely on unsteady state conditions, and so the formulations for studying those systems should contemplate the transient heat phenomena. In general, multi-layer construction elements are used to ensure that all the functional requirements are met.
The heat transfer in multi-layer problems is a subject that has been quite widely researched. Several publications can be found in the literature: Ö zisik has written a book [1] including a review of one-dimensional composite media, referring to orthogonal expansions and Green's functions; Monte [2] analysed the transient heat conduction of multi-layer composite slabs, applying the method of separation of variables to the heat conduction partial differential equation. A frequency-domain regression method was developed by Wang and Chen [3] to compute the heat flow for a one-dimensional multilayer model. Many other earlier works describe transient heat transfer problems in composite layers, such as that by Haji-Sheikh et al. [4] and Sun and Wichman [5] . Haji-Sheikh et al. presented different types of Green's functions that are solutions of the heat conduction diffusion equation in multi-dimensional, multi-layer bodies for different boundary conditions, calculating eigenvalues, while Sun and Wichman used an eigenfunction expansion method to calculate the heat conduction in a one-dimensional three layer slab.
The study of the transient heat transfer can be handled either directly, in the time domain or in a transform space domain. In the time-marching approach the solution is assessed step by step at consecutive time intervals after an initially specified state has been assumed (see [6] [7] [8] ). One approach widely used to overcome some of the disadvantages of the single-step time-marching schemes is the Laplace transform [9, 10] . The Laplace transform employs a numerical transform inversion to calculate the physical variables in the real space, after the solution has been obtained for a sequence of values of the transform parameter. The major drawback of Laplace transforms is that accuracy is lost in the inversion process, which magnifies small truncation errors [11] . Davies [12] has published a work using a time domain analysis to study the transient heat flow in a multi-layer wall, while Chen et al. [13] uses Laplace transforms to calculate transient heat flow through multi-layer spherical structures. In this work, however, we propose a different approach, that needs the knowledge of Green's functions (analytical expressions) for a layered formation and the implementation of a frequency domain transform. This approach has been proposed and verified by the authors in a previous work (see [14] ).
The search for Green's functions has been object of research over the years because these expressions are both useful by themselves and can be used as benchmark solutions [15] . These fundamental solutions can also be incorporated into numerical tools such as the Boundary Element Method (BEM) to solve more general problems (see [16] ).
The Green's functions for calculating the transient heat transfer wave field in layered formations subjected to multiple heat sources are given below. The proposed fundamental solutions relate the heat field variables (heat fluxes or temperatures) along the domain caused by the energy generated by sources placed elsewhere in the media, in the presence of both conduction and convection phenomena. These expressions allow the heat field inside a layered medium to be computed, without the discretization of the interior domain. The problem is formulated in the frequency domain using time Fourier transforms. This work extends the authors' earlier work on the definition of the conduction phenomenon within layered solid media (see [14, 17] ). The problem is now solved with the convection phenomenon being incorporated and considering multiple cylindrical heat sources. As in the previous work, the technique requires knowing the Green's functions for the case of a spatially sinusoidal, harmonic heat line source placed in an unbounded medium. The Green's functions for a layered formation are formulated as the sum of the heat source terms equal to those in the full-space and the surface terms required to satisfy the boundary conditions at the interfaces, i.e. continuity of temperatures and normal fluxes between layers. The total heat field is found by adding the heat source terms equal to those in the unbounded space to that set of surface terms, arising within each layer and at each interface. This paper first formulates the three-dimensional problem and presents the Green's function for a sinusoidal heat line source applied in an unbounded medium. A brief description of the mathematical manipulation is given. Then, the Green's functions for a multi-layer formation, ensuring the continuity of temperatures and heat fluxes at the various interfaces, are established. Finally, the applicability of this formulation is illustrated by using it to analyse the heat propagation within a multi-layer floor subjected to several heat sources. Different simulations are studied, taking the convection phenomenon and the presence of an insulating layer into account.
Three-dimensional problem formulation and Green's functions in an unbounded medium
The transient convection-conduction heat transfer across homogeneous media, assuming null initial conditions, is expressed by the equation
where V x , V y and V z are the velocity components in the direction x, y and z respectively, t is time, Tðt; x; y; zÞ is temperature, K ¼ k=ðrcÞ is the thermal diffusivity, k is the thermal conductivity, r is the density and c is the specific heat. It is presumed that the thermal properties and convection velocities along the x; y and z directions remain constant. Applying a Fourier transform in the time domain, one obtains an equation that differs from the Helmholtz equation by the inclusion of a convective term,
and o is the frequency. The fundamental solution (Green's functions) of Eq. (2) for a heat point source in an unbounded medium, located at ð0; 0; 0Þ, can be expressed aŝ T f ðo; x; y; zÞ ¼ e V xxþV y yþV zz 2K 2k ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ARTICLE IN PRESS
The full three-dimensional problem can be mathematically manipulated if the geometry of the problem remains constant along one direction. Assuming that the geometry does not vary along the z direction, the problem can be expressed as a summation of twodimensional solutions with different spatial wavenumbers k z [18] by means of the application of a Fourier transform along that direction. Considering that a spatially sinusoidal harmonic heat line source is applied at the point ð0; 0Þ along the z direction (see Fig. 1 ), subject to convection velocities V x ; V y and V z , the application of a spatial Fourier transformation to
along the z direction, leads tõ
where H 0 ð Þ are Hankel functions of the second kind and order 0, and
The full three-dimensional solution is then retrieved by means of an inverse Fourier transform along the k z domain. This inverse Fourier transformation can be expressed as a discrete summation if we assume the existence of an infinite set of virtual sources, equally spaced at L z , along z, which enables the solution to be obtained by solving a limited number of two-dimensional problems,
with k zm being the axial wavenumber given by
The distance L z is chosen so as to prevent spatial contamination from the virtual sources [19] .
The application of a spatial Fourier transformation along the z direction in Eq. (2) leads to the following equation: 4pk
where
with ðImðnÞp0Þ, and the integration is performed with respect to the horizontal wave number (k x ) along the x direction. The integral in the above equation can be transformed into a summation if an infinite number of such sources are distributed along the x direction, at equal intervals L x . Each individual heat source is simulated, ensuring that the distance separating it from its neighbours is large enough to prevent the virtual loads from contaminating the heat responses; the simulation of a system using multiple heat sources is obtained by ascribing the exact distance between these virtual loads. Therefore, Eq. (8) can then be expressed as
with ðImðn n Þp0Þ, k xn ¼ ð2p=L x Þn, which can in turn be approximated by a finite sum of equations (N). Note that k z ¼ 0 corresponds to the two-dimensional case. After computing the heat field in the frequency domain, the spatial-temporal response is calculated by applying numerical inverse fast Fourier transforms in k z , k x and in the frequency domain (o). The time variation of the source can be easily defined or changed, which allows the modelling of the appropriate heat power conditions. To prevent interference from aliasing phenomena, the computations are performed using complex frequencies with a small imaginary part of the form o c ¼ o À iZ (with Z ¼ 0:7Do, and Do being the frequency step). In the time domain, this effect is removed by rescaling the response with an exponential window of the form e Z t .
Verification of the solution
The exact solution of the transient conductionconvection heat transfer for an unbounded medium subjected to a three, two or one-dimensional unit heat source is well known (see [20] ). Assuming that a unit heat source, applied at time t ¼ t 0 , is placed at point ð0; 0; 0Þ, the exact time domain solution of the temperature at ðx; y; zÞ, considering both conduction and convection phenomena, is given by 
where t ¼ t À t 0 ; the parameter d can be 3, 2 or 1 depending on whether the problem is three, two or onedimensional, respectively. The performance of the formulation stated above is evaluated in the calculation of the heat field in a homogeneous unbounded medium with thermal properties that allow k ¼ 1: (10) while the marks show the response obtained using the proposed Green's functions. A good agreement was achieved between these two solutions. As we have assigned a convection velocity in the x direction, it should be noted that the temperature response along the line of receivers is not symmetrical.
The calculations were first performed in the frequency domain, in the frequency range ½0; 1024 Â 10 À7 Hz, with an increment of Do ¼ 10 À7 Hz, which defines a time window of 2777:8 h.
Green's functions in a layered formation
This section establishes the Green's functions for a layered formation, using the continuity of temperatures and heat fluxes as boundary conditions at the interfaces between layers.
Consider a set of m homogeneous plane layers of infinite extent bounded by two flat, semi-infinite, media (see Fig. 3 ). The top semi-infinite medium has been called medium 0, while the bottom semi-infinite medium is taken to be medium m þ 1. Different material thermal properties, vertical convection velocities and thicknesses can be ascribed to each layer. These convection velocities are perpendicular to the layer's plane. Note that convection phenomenon is modelled assuming that its origin coincides with the heat source. Assuming that the multi-layer is subjected to a spatially sinusoidal heat source placed in medium 1, the heat field at any position is computed taking into account both the surface heat terms generated at each interface and the contribution of the heat source term (incident field). For the layer j, the heat surface terms on the upper and lower interfaces can be expressed as T j1 ðo; x; y; k z Þ ¼E 0j e
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T j2 ðo; x; y; k z Þ ¼E 0j e
where 
The system of equations is assembled, imposing the continuity of temperatures and heat fluxes along the m þ 1 interfaces between layers. 2ðm þ 1Þ equations are achieved, taking into account the contribution of the surface terms and the involvement of the incident field. All the terms are organized according to the form F a ¼ b where ) to be computed. The heat field for each layer formation is then obtained by adding these surface terms (generated heat field) to the contribution of the incident field, leading to the following equations:
Top semi-infinite medium (medium 0)
Tðo; x; y; k z Þ ¼ E 00 e
if yo0, medium 1 (source position)
Tðo; x; y; k z Þ ¼ Ài 

medium j ðja1Þ
Tðo; x; y; k z Þ ¼ E 0j e
bottom semi-infinite medium (medium m þ 1)
T ðmþ1Þ2 ðo; x; y; k z Þ ¼ E 0ðmþ1Þ e V yðmþ1Þ ðyÀy 0 Þ=2K mþ1
Note that if the heat source is placed in another layer, the matrix F remains the same, while the independent terms of b are different. However, as the equations can be easily manipulated to consider another position for the source, they are not included here.
The responses in the time domain are calculated by means of a numerical inverse fast Fourier transform in k z , k x and o, as explained above.
Green's functions verification
The accuracy of this layered problem formulation was verified by comparing its results with those obtained using a BEM. This technique entails high computational costs, as is well known, since boundary meshing is required. To better simulate the layer interfaces, the boundary is discretized with a large number of elements distributed along as much of the surface as necessary. The methodology that is adopted to delimit the interfaces' discretization involves introducing an imaginary part to the frequencies, o c ¼ o À iZ (with Z ¼ 0:7Do), which introduces damping. The verification procedure is performed calculating the temperature field generated by a heat source placed in a flat layer, 3:0 m thick, bounded by two semi-infinite media (see Fig. 4 ). The convection velocities, in the y direction, applied to the three media were 5 Â 10 À7 , 8 Â 10 À7 and 1 Â 10 À6 m s À1 for the top medium, intermediate layer and bottom medium, respectively. The material's thermal properties used are presented in Table 1 .
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The calculations have been computed for 32 frequencies starting from 0 Hz, assuming a frequency increment of Do ¼ 10 À7 Hz and a single value of k z equal to 0:4 rad m À1 . The responses were calculated for two receivers placed in two different media when a heat point source was located at (x ¼ 0:0 m; y ¼ 1:0 m ). The square and the round marks designate the real and imaginary parts of the responses, respectively. As can be seen, these two solutions seem to be in very close agreement, and equally good results were obtained from tests in which heat sources and receivers were situated at different points.
Applications
The applicability of the formulation presented above is now illustrated. The heat propagation through a floor (0:32 m thick), composed by several flat infinite layers bounded by two semi-infinite media, is computed for different cases. The incorporation of the convection phenomenon and the presence of an insulating layer and its position are analysed.
The top semi-infinite layer of the multi-layer system is assumed to be a fluid (water or air), allowing a vertical convection velocity of 5e À6 m s À1 , while the bottom semi-infinite layer is considered to be soil. The upper ARTICLE IN PRESS Table 2 . The layered floors are subjected to the heat generated by several spatially sinusoidal harmonic heat line sources placed inside the cement mortar layer at equal distances of 0:3 m apart (L x ¼ 0:3 m). These sources start emitting energy at t % 0:76 h, as shown in Fig. 6(d) . Their power is increased linearly from 0.0 to 1000:0 W, reaching maximum power at t % 3:46 h. This value is maintained for a period of t % 2:72 h. The power is then reduced linearly to 0:0 W, which occurs at t % 8:89 h. The heat fields are computed over a fine grid of receivers in the frequency range of ½0:0; 128:0e À5 Hz, with a frequency increment of 1:0e À5 Hz, which establishes a time period of 27:78 h. The calculations have been performed for a grid of receivers, placed at 0:01 m intervals along the x direction, and at 0:08 m along the y direction. In order to study the performance of each constructive system, the temperatures for the three models have been plotted across the full domain at different times (snapshots) and also at specific receivers for the complete time window. Fig. 7 shows a sequence of snapshots of the results obtained at different times, t ¼ 5 and t ¼ 10 h, when the fluid medium is filled with water. These figures display the temperature field as isothermal contour plots. Notice that all the receivers register a null temperature at the beginning of the process, to conform with the initial conditions defined for the present problem. Fig. 7(a) and (b) give the results for Model 1, when the fluid is assumed to be water. In subheading (a) the convection phenomenon through the water medium is not modelled, while in Fig. 7(b) a vertical convection velocity of 5e À6 m s À1 is ascribed to the water medium. These results show perceptible amplitude differences between the two cases. In both cases it can be seen that the energy spreads faster through the concrete layer, which is in accordance with its higher diffusivity (K). At time t ¼ 5 h the contour configuration between the two cases is very similar, but higher temperatures can be already found along the top semi-infinite medium in the presence of the convection phenomenon, since the heat propagates more rapidly. At time t ¼ 10 h the source power is no longer emitting energy, but the energy continues to propagate through the full domain of receivers. The temperature increases for the receivers located further away from the source, while a temperature fall is registered at the receivers closer to the heat sources. This behaviour occurs while the energy is achieving equilibrium throughout the full domain. The heat field that can be observed immediately below the concrete layer is very similar for the two situations ( Fig. 7(a) and (b) at t ¼ 10 h).
The responses presented in Fig. 7 (c) and (d) corresponding to Models 2 and 3, respectively, assume both ARTICLE IN PRESS conduction and convection phenomena. These models have been set to describe the heat field changes when there is an insulating layer. The introduction of an insulating layer, 0:02 m thick, between the soil and the concrete insulating (Model 2) layer allows a slight temperature rise in the concrete layer and, as expected, lower temperatures in the soil medium, as shown in Fig.  7(c) . A considerable thermal gradient is noted across the thermal insulating layer, due to the low thermal conductivity of this material. Fig. 7(d) displays the temperature distribution (isothermals) for the case where the insulating layer is located immediately below the source-containing layer. This case exhibits higher temperatures throughout the water medium, since the energy is not spreading so easily to the concrete layer as in the other cases. A large thermal gradient is clearly visible between the top and bottom interfaces of the insulating layer. Note that the concrete layer is heat-protected by the presence of the insulating layer. For example, at time t ¼ 10 h, close to the sources, temperatures of 300 and 50 1C are registered at the top and bottom interfaces, respectively. This reveals the importance of the insulating layer's position, which determines the quantity of energy dissipated wastefully. If the convection phenomenon for Models 2 and 3 is not taken into account (these plots are not included here), the minimum temperature registered in the water medium of Models 2 and 3, at t ¼ 5 h, was 0.25 1C, instead of 1 and 2.5 1C, registered when the convection is modelled, as shown in Fig. 7(c) and (d) . the results of this last case with those presented in Fig. 7(a) and (b) , it can be seen that much higher temperatures are registered at the receivers placed in the air medium. This effect is in accordance with the fact that air allows a much higher diffusivity coefficient than water. As time advances (t ¼ 10 h), the energy is still propagating away from the source and a temperature rise has been registered at the layers below the sources' layer. However, it is interesting to note that the temperature has fallen very quickly in the air medium, confirming its higher diffusivity.
To better illustrate the temperature evolution over time, the temperature curves computed at receivers Rec. 1 to Rec. 4, are shown in Fig. 9 . The first two receivers are placed abreast of the source power (x ¼ À0:45 m) as shown in Fig. 6 , while receivers Rec. 3 and Rec. 4, are located between heat sources (x ¼ À0:3 m). In order to obtain more information about the system's behaviour, the receivers Rec. 1 and Rec. 3 are inside the concrete layer, while Recs. 2 and 4 are placed at the fluid medium close to the heat source layer.
The temperatures at receivers Rec. 1 are always higher than those found at Rec. 3, in the first part of the time window. Looking at the figures related to the conduction-convection heat transfer results, we can see much higher maximum amplitudes than for conduction alone. In the conduction-convection models, the receivers Rec. 2 and Rec. 3 reach maximum temperatures significantly higher than the other two receivers. This is because of the presence of the convection velocity in the fluid medium, which is a constant positive value in the y direction. A similar behaviour is exhibited by Model 3 (see Fig. 9(c) ) when only conduction is considered, because of the insulating layer position.
Notice that the results are linear in relation to the heat source power. Considering that each heat source only generates 100 W the maximum temperature reached by Model 3 would be 26.56 1C, in spite of the 265.6 1C obtained for the present case.
The presence of an insulating layer at the bottom of the concrete layer and the absence of the convection phenomenon are responsible for the particular results registered in Fig. 9(b) , where receiver Rec. 2 is not the one to record the maximum temperature, unlike the rest of temperature curves figures.
Final remarks
An approach for computing the transient heat transfer by conduction and convection across a layered medium has been described. This formulation proposes to calculate the heat responses first in the frequency domain. The methodology described requires the knowledge of fundamental solutions or Green's functions for a layered formation, and these were established using the continuity of temperatures and normal heat fluxes as boundary conditions at the media interfaces between the various layers. The heat field results for the multi-layer system are achieved considering the contribution of heat source (incident field) and heat surface terms (generated heat field). The verification of the mathematical formulation and the evaluation of the Green's functions' accuracy for the layered formation are given.
This technique seems to be suitable for studying a multi-layer floor construction subjected to multiple heat sources. The application results show that the presence and position of an insulating layer are important variables to be considered when studying radiant floor heating. The convective phenomenon has also been contemplated, representing an important contribution for the response.
